Linear-response theory is combined with the Landauer viewpoint to describe quantitatively transport in a four-lead mesoscopic structure within the presence of a uniform magnetic eld. A new multichannel magnetoconductance formula is derived in the case where the magnetic eld is perpendicular to the current-ow. The invariance under magnetic reversal test is conrmed.
Introduction
For long time, it has been well recognized that transport in mesoscopic systems may relate to their scattering properties as it was originally proposed by Landauer [1, 2] . The single-channel conductance formula has been rst obtained heuristically as proportional to the ratio between transmission and reection coecients G = [1] . Main attempts to derive this formula from linear--response theory (LRT) are known in the literature (see Ref. [3] and references therein). However, for long time, the generalization to a multichannel formula has been a great challenge for the physicists. The major diculty is that, in the LRT, the current-ow in a sample is obtained as a response to an applied external perturbation inside the reservoirs in accordance to the Kubo viewpoint (KVP), whereas in the Landauer viewpoint (LVP) the current itself is considered as responsible for the induction of a position-dependent potential inside the sample. At this level, one has to note that it has been established heuristically that contacts between the reservoirs and the sample are at the origin of the dierence between the two points of view [4] .
In recent works [5] , a theory of transport that combines the LVP with the LRT and which does not consider the eect of the contacts (called thereafter a self--consistent LRT) in order to calculate the relevant part of the density-operator for mesoscopic samples in the absence of an external magnetic eld, has been proposed. The obtained density-operator, necessary to evaluate all physical quantities, was used to derive a new and more plausible four-lead multichannel conductance formula that does not endure any of the inconsistencies cited in the literature for the other known formulae [3, 6] . This self-consistent LRT was recently extended to take into account the existence of a uniform magnetic eld [7, 8] . It has been shown that the density-operator may be written as a sum of two terms [7] : the rst represents the Kubo density-operator ρ K [79] and the second denes the contribution of self-consistent eects ρ SC [7, 8] :
(1) Our aim in this work is the use of Eq. (1) to determine quantitatively the magnetoconductance of a four--lead mesoscopic measurement in terms of the scattering matrix elements whenever self-consistent eects are relevant; that is, whenever the eect of the contacts is neglected and the induced potential inside the sample is considered.
Magnetoconductance in terms of S matrix elements
Consider a mesoscopic scatterer connected via two straight identical semi-innite perfect leads to two large particle-reservoirs acting as current source and sink, and maintained at constant chemical potentials µ L and µ R , respectively, where µ L − µ R is small enough to ensure a linear-transport regime. The sample (the mesoscopic disordered part plus the leads without including the contacts) having a volume Ω = LS is immersed in a uniform perpendicular time-independent weak magnetic eld B = Bẑ.
The transport throughout the sample is completely coherent and the measuring probes are ideally coupled in order not to disturb the measurement, see Fig. 1 .
In LVP as a response to current-ow between the reservoirs, a position-dependent potential w(r) builds up inside the sample due to charges accumulation on both sides of the scatterer [1, 2, 10] . Once the steady-state regime (SSR) is established, w(r) will take constant values, w L and w R , in the left and right asymptotic regions, that are dierent from the chemical potentials of the adjacent reservoirs; i.e., w L ̸ = µ L and w R ̸ = µ R , respectively.
(721) Fig. 1 . Mesoscopic sample in a perpendicular magnetic eld, with the assistance of non-invasive measuring probes.
The one-particle Hamiltonian for transport carriers in the SSR is then given by
where w(r) represents the built-up position-dependent potential inside the sample resulting from the self--consistent pile-up of carriers between left and right scatterer sides [1, 2, 5, 1113] , V (r) is the electron-impurities interaction potential, and H 0 is the Hamiltonian of the non-interacting conned electron. In the eective mass approximation
, where p stands for the momentum operator, A for the vector potential and V c (r) for the connement potential in the y and z directions. For later use, we choose the Landau gauge: A = −Byi.
The eigenfunctions of H 0 are a product of plane waves propagating in the longitudinal x-direction and conned functions in the y and z directions
where ξ denotes the transmitted channels a, the corresponding positive longitudinal wave vector k a and the direction of propagation σ = ±; i.e., ξ ≡ (a, k a , σ).
To each of these eigenfunctions with energy eigenvalue ε ξ , corresponds an outgoing ψ + ξ (r) and an ingoing ψ − ξ (r) scattering states, as the eigenstates of H with the same eigenvalue ε ξ [5, 9] . In the asymptotic regions of the leads, at a given energy, ψ ± ξ (r) are simple combinations of φ ξ (r); they relate via the left/right transmission and reection coecients t L , t R , r L , r R that dene the unitary scattering matrix S [5, 9] .
Current-ow
Since the sample is not invariant by translation, in the presence of a magnetic eld the one-particle current--density operator at point r ′ may be written in a symmetrical form as
In the LVP, the resulting expectation value of the current--ow operator through an arbitrary cross-section
with S ′ may be chosen in the asymptotic regions of the leads) is dened by the trace of the product of ρ L , Eq. (1), by i and may conveniently be separated into a sum of two terms
2.1.1. Kubo's term
Making use of the ρ K expression derived in [7, 8] , one can easily see that I K coincides with the expression given by KVP [9] , yet now the chemical potentials of the reservoirs are replaced by the induced electrochemical potentials in the asymptotic regions of the leads
where ∆w = w L − w R , f ′ (ε) denes the derivative of the FermiDirac distribution function at energy ε and (i + ) ξξ = ⟨ψ 
a representing a B--dependent channel velocity in the x-direction at given energy ε ξ [9, 14] , is restricted to states of xed energy ε ξ = ε because of the Dirac δ -function. In that case, carrying out the integration over ε ξ , Eq. (5) may be expressed like
where Π + is a 2n-column vector given by its components
aσ ⟩ are, at a given energy ε, the outgoing scattering states normalized to unit incoming ux:
Self-consistent term
In Ref. [7] , it has been shown that ρ
|φ ξ ⟩ are the matrix elements of the diagonal part of the density--operator ρ L in the basis of H 0 . Consequently, I SC may be written as
using the ansatz of the δ-function integration on the energy. Carrying out the sum over ξ, while following the same steps leading to Eq. (6), one obtains
where, as has been shown in [7, 8] , (ρ
ε bσ ′ , whereΓ −1 represents the matrix inverse of the matrix Γ whose elements are (Γ )
aσ ⟩ are at a given energy ε the ingoing scattering states normalized to unit incoming ux (Γ )
Otherwise, I SC may be written in a more explicit form, as
At this level, let us mention that in the limit of weak transmission, the ρ L d matrix elements and thus ρ SC are negligible to ρ K . Consequently, the self-consistent term, Eq. (9), may be neglected such that I and I K will lead approximately to the same conductance formula (see below).
The magnetoconductance
Dened as the ratio of the applied current I, Eq. (4), to the induced potential dierence inside the leads ∆w/e, the resulting magnetoconductance may easily be written
, the conductance resulting from I K , is given by the LandauerBüttiker formula [9, 1315] :
with t denoting the transpose and I is a 2n-column vector dened by its components
However, making use of Eq. (9), the resulting conductance G SC (B) may also be expressed as an integral over the energy
Combining Eqs. (10), (11) and (12) and taking account of the current conservation constraints [5, 9] , we show after some algebraic manipulations that the many-channel magnetoconductance which excludes the contacts may be put in a more compact form as
where 2 stands for the spin degeneracy. This is the sought formula of this work. At rst sight, we obtain a magnetoconductance formula which is explicitly independent from channel velocities. Moreover, since the obtained formula is an implicit function on the magnetic eld, we can show that this formula remains the same even in a zero magnetic eld [8] .
Uncorrelated channels
Alternatively, treating the case of uncorrelated channels with |t
ab | 2 = R a δ ab it follows after some algebraic manipulations that Eq. (13) may be reduced to a sum of n single-channel Landauer formula
As it is apparent, in the limit of a ballistic conductor this formula gives an innite conductance while the Kubo formula dened by Eq. (11) gives a nite conductance. Moreover, this formula is what we will obtain experimentally in four-lead geometry when the probes measuring the induced voltage in the leads are ideally coupled to the system.
Magnetic eld reversal test
As a consequence to the unitarity of the scattering matrix S [5, 9] , Eq. (13) may be expressed like
However, since by reversing the magnetic eld the scattering matrix transposes S(B) = S t (−B), its matrix elements obey to 
3. Conclusion
Performing a self-consistent LRT in the presence of an external magnetic eld, we derived a multichannel magnetoconductance formula that excludes the eect of the contacts and reduces in the limiting case of one channel at zero temperature to the well-known Landauer conductance formula. Moreover, we have shown that this multichannel formula is, as it should be, well consistent with the principle of microscopic reversibility.
